We study minisuperspace quantum cosmology for a 2+1 dimensional Ads universe and find wave function, then we extend the model to a canonically quantized field theory for quantum gravity, i.e., a midisuperspace and solve quantum constraint the wave functional of the field theory in the saddle point approximation, we find that these two approach yield in different results.
Introduction
Quantum cosmology Q.C. was initiated by B.S.Dewitt in his seminal paper on quantization of gravity [1] . Lacking reasonable boundary conditions for picking out a unique solution to Wheeler-Dewitt equation WDW made Q.C. useless. In early eighties, the advent of proposals on possible boundary conditions revitalized Q.C. [2] , [4] , [5] . Equivalent to Hamiltonian quantization of gravity, one can path integrate over all metric configuration and sum over all possible 4-topologies which have a given ∂M as their boundary [10] . The space of all configurations for 4-metric is called superspace (S.S.) where diffeomorphically equivalent configurations are factored up. Mathematically, dealing with the full S.S. will be so difficult, if not impossible. Inevitably, we must invoke to so approximate schemes.
In classical cosmology, because the universe appears to be isotropic and homogeneous on very large scale, one's consideration are largely restricted to a region of S.S. in the immediate vicinity of isotropic and homogeneous configurations. In Q.C. one does the same. In practice, we freeze or suspend many infinite degrees of freedom of gravitational fields on a time constant slice of 4-geometry and retain a few of them alive. This most commonly achieved by restricting the metric configurations to have special symmetries. This models are known as"minisuperspace" models.
Difficulties arises when one tries to switch off some degrees of freedom of a field by hand. Setting most of the field modes and their momenta to zero identically violates uncertainty principle. Moreover mini superspace is not known to be a part of a systematic approximation to full theory.
On the other hand a midisuperspace is essentially a field theory. we enlarge the space of path integration, Consequently, it seems that midisuperspace approximation will be more realistic than a mini one. A comparison between predictions obtained from these two type approximation will be very useful. we show that a minisuperspace model can be completely unreliable under certain circumstances. The organization of the paper is as follows:
Through section 2 we give a review of two main proposal on boundary conditions, Hartle and Hawking and Vilenkin proposals. In section 3, we take a minisuperspace for Q.C. in 2+1 dimension and obtain the "wave function" exactly and in saddle point approximation. Section 4 has been devoted to extension of this minisuperspace model to midi one. We solve the resulting field theory in saddle point approximation and obtain the wave functional of theory.
Finally, we present a comparison between obtained wave function and wave functional and their predictions on quantum nucleation of the universe.
Paper will end up with a conclusion.
Minisuperspace Saddle point Wave Functions
We take the following 2+1 dimensional FRW line element as mini superspace with only one degree of freedom:
The matter content of these universes is only a negative Λ.Spatial section of the 4-manifold taken to be S 2 , i.e., k=1, to avoid getting infinite action due to infinite extension of a spatially flat k=0 or hyperbolic k=-1 universe.Our mini superspace obviously contains classical AdS3 universes. Substituting metric into action leads us to:
Varying with respect to a and N yields equation of motion :
and a Hamiltonian constraint:
where π a is momentum conjugate of "a".There is a simultaneous solution to equations (3) and (4) for Λ < 0 :
where β is an integration constant.This solution describes classical dynamics of an AdS3 universe. Euclideanized version of action, resulting equation of motion and Hamiltonian constraint read:
a solution to these set of equations which meets the requirements of a NBP instanton is:
Note that the condition da dt = 1, necessary for regular closing off of four geometry at singularity a(0)=0, is automatically satisfied by Hamiltonian constraint.For a ∂M <
, there is a "real" instanton which is a portion of a S 3 sphere [6] .
, In complex plane of τ , we should choose a path along τ Re axis to
which determines the maximum radius of such a compact instanton. This part of instanton describes one half of a S 3 sphere. Choosing the path to continue parallel to the τ Im axis to a given "a" on the boundary. a(τ ) still remains real:
This part of instanton describes half of a Lorentzian AdS3 universe. There is another instanton which satisfied NBP conditions and contributes to saddle point approximation [7] .
Resulting NB wave function, for a <
and for a >
Vilenkin wave function in WKB approximation will have the following form for a <
3 Exact Solutions
According to Dirac prescription for quantization of constraint systems [8] , the wave function of system should be annihilated by operator version of classical constraints. By replacing π a by −ih ∂ ∂a in the Hamiltonian constraint, we will reach in the following schrödinger like equation,Wheeler-Dewitt equation [1] , for the wave function of an AdS3 universe :
where P carries some part of factor ordering ambiguity due to indefiniteness of measure of path integral or equivalently quadratic form of Hamiltonian in π a . We will set it to 0. There are exact solutions to the eq.15 in terms of Whittaker functions of type W and M [9] :
Constant coefficients ζ m and ζ w should be determined by subjecting appropriate boundary conditions. Asymptotic expansion of ψ(a, Λ) can be obtained easily [9] :
a → ∞ Vilenkin wave function, as mentioned previously, have only outgoing sector at very large values of "a ", therefore:
we obtain the Vilenkin wave function up to a constant γ:
(19) For finding Hartle -Hawking state we note that the ingoing and outgoing sectors of ψ(a, Λ) should have the same contributions to wave function for a → ∞. This implies:
Therefore resulting Hartle-Hawking state will be:
A Midisuperspace Saddle point Wave Functionals
In a typical mini superspace model, we switch off infinite quantum degrees freedom of gravitational field and retain a only few of them alive.To find partition function, We path integrate over those 4-geometries which have only a few of degrees of freedom by their special symmetries. It is not obvious at all that these configurations have dominant contributions to partition function.
A midi superspace toy model, in this case, can be used as a probe to find an answer to this crucial question:
" Is there any dramatic discrepancy between using a mini superspace model instead of full superspace or even a midi one ? ".Because of a midi superspace approach is much closer than a mini one to full quantized theory.(Roughly, the space of path integration is extended in a midi model) therefore, it is completely probable that a mini superspace approximation destroys some essential features of a more complete treatment.
In previous sections, we found that exact and saddle point approximate solutions to a 2+1 dimensional " mini" superspace. Here we present and approximately solve a "midi" superspace with axial symmetry for quantum cosmology of AdS3 universes which is described by the following line element:
By axial symmetry we mean that metric components are considered to be θ independent. Substituting the above metric ansatz, Lagrangian density reads :
Where 2 R is the scalar curvature of spatial sector of three geometry . 2 R is given by :
Momentum conjugates to field variables are simply :
A Legender transformation will result in Hamiltonian constraint density :
Now, we should express the time derivatives of filed variables in terms of momenta,fields and their spatial derivatives:
. ψ= 2N (φψ)
Integration over a spacelike hypersurface Σ leads to Hamiltonian constraint:
Variation with respect to N and N r leads us to energy and momentum constraints:
Hamiltonian constraint carries time reparametrization invariance of classical theory and momentum constraint is the generator of infinitesimal coordinate transformations within spacelike hypersurfaces. The number of field variables and constriant are equal, then one temp to solve π φ and π ψ in terms of field variables and their spatial derivatives by constructing a superposition of constraints to eliminate π ψ .
Note that 2 R can be rewritten as follows:
Now, consider the below superposition:
By considering the eqs. (34) and (35), we obtain:
This simply reads:
By considering the eq.(32) π ψ will become:
The leading term in semiclassical expansion of "wave functional" of this field theory will be e − +iS cl , where S cl is the action evaluated for classical solution:
We can choose a specific contour of integration to simplify integration process, first of all we hold ψ constant an then integrate over φ to a configuration of φ such that:
This configurations are the "boundary" between classically allowed and forbidden regions. After that, we will hold φ constant such that eq.(40) holds and integrate over ψ to a standard configuration. Before going ahead, Note that:
Then this part will not contribute to the action.Therefore, action reads:
Integration is straightforward and results in :
Wave functional for classically forbidden region will be a superposition of exponentially decaying forms and in allowed region can cast into a linear superposition of oscillatory exponentials of action. If Ψ = Ψ[φ, ψ] is defined to be the wave functional of the universe. Now, we are in position to calculate the wave functional of a 2+1 dimensional FRW like universe. It will be sufficient to consider a homogeneous and isotropic universe on the final hypersurface of simultaneity.
By substituting "FRW" form for metric on final hypersurface and regarding to eq.(43), we will reach in the following saddle point "wave functionals":
Vilenkin wave functional in tunneling region:
In classical region :
Hartle-Hawking wave functional in tunneling region :
and in classical region :
As obviously can be seen from the resulting midi superspace wave functionals, there is a discrepancy between mini superspace wave functions and midi superspace wave functionals. To illustrate this difference, we define the following ratios : 
where subscripts T and Cl stand for tunneling and classical regions. Any significant deviation from zero of these ratios will show a discrepancy. Related ratios can be defined for Vilenkin wave function and wave functional:
The following graphs are illustrative:
Conclusion
Minisuperspace approximation seems to be unreliable in some situations.Consequently, some anticipations drawn from Minisuperspace models may be wrong. Comparing some anticipations drawn from a canonically quantized field theory for quantum gravity (a midisuperspace) and minisuperspace predictions, e.g., tunneling probability amplitudes for creation of an AdS3 universe from nothing or isotropy of a large universe and so on, is the subject of further investigation. Some calculations will be added during the next few days.
